A true plane wave is often not physically realizable in a laboratory environment. Therefore, wavefront curvature introduces a form of systematic error into Free-space material characterization methods. Free-space material characterization is important to the determination of the electric permittivity and magnetic permeability of conductor-backed and in situ materials. This paper performs an error analysis of the impact on wavefront curvature on a Free-space method called the two-thickness method. This paper compares the extracted electric and magnetic permeability computed with a plane wave versus a line source for a low-loss dielectric and magnetic radar absorbing material. These steps are conducted for TE and TM plane waves and electric and magnetic line sources.
Introduction
Error analysis is the study and evaluation of uncertainty in measurement [1] . The determination of the amount of propagated error is an essential step for any experimentally determined quantity. Most error analysis is performed to establish the impact of random error on an experimentally determined quantity. Random error is inherently present in all measurements and is due to unpredictable fluctuations in reading of measurement apparatus. Error analysis can also be performed to establish the impact of systematic error. Systematic error is due to reproducible inaccuracies in the measurement procedure.
Material characterization is the process of determining the relative magnetic permeability, , and electric permittivity, , of a material, where = 0 and = 0 . Accurate knowledge of and is necessary for many applications which include dielectric resonator antennas [2] and the design of RFID tag antennas [3] . There are many different material characterization methods. One category of material characterization methods is free-space methods.
Free-space methods utilize reflection and transmission data from plane wave illumination to determine and [4] . However, for many applications transmission data cannot be obtained; an example application is for a conductorbacked material sample. When transmission data cannot be obtained, reflection-only free-space methods are required.
A plane wave is defined as a constant-frequency wave whose wavefronts (surfaces of constant phase) are infinite parallel planes of constant amplitude normal to the phase velocity vector [5] . Since in practice a true plane wave cannot be produced, the assumption of plane wave incidence used in free-space methods introduces a source of systematic error to these methods.
The purpose of this paper is to investigate the effect of the plane wave assumption on reflection-only free-space methods. Work has been done in [6] to quantify the impact of the plane wave assumption for free-space methods which use both reflection and transmission, but work has not been done to address the impact of wave curvature on conductor-backed reflection-only free methods. In this paper, the two-thickness method is used as a sample test method. To examine the extent of this form of systematic error, the reflection coefficient is calculated due to a nonplanar incident-field wavefront and used in the extraction scheme in the exact manner as the reflection coefficient due to a plane wave. The extracted and computed using the nonplanar incident-field wavefront reflection coefficients and plane wave reflection coefficients are then compared.
The reflection coefficient due to a 2-dimensional curved wavefront is determined from examination of the canonical problem of a line source above a material slab. Past similar investigations include examination of a two-dimensional problem of a conducting cylinder with a uniform material coating in [7] and examination of whether the late-time component of the field reflected by a planar slab under linesource illumination can be characterized by a natural mode series [8] . In this work, the scattered electric field produced by both electric and magnetic line sources above a conductorbacked material under test (MUT) is computed via the Sommerfeld integral approach and used to determine a reflection coefficient for the case of a nonplanar incident-field wavefront by maintaining Snell's law of reflection. By varying the height of the line source and the MUT thickness, the effect of wavefront curvature on the accuracy of the extracted material properties can be explored for several types of materials.
Reflection Coefficients due to Electric and Magnetic Line Sources
The analysis necessary for this paper requires derivation of the reflection coefficient due to electric and magnetic line sources. The reflection coefficients for both electric and magnetic line sources are required in order to emulate both perpendicular and parallel polarization of a plane wave. To derive the reflection coefficients, the scattered electric field due the line sources is initially computed. For simplicity, the derivation steps are listed in detail in Section 2.1 for the electric line source only. The derivation steps for the magnetic line source are similar and are determined by duality; the derivation for the magnetic line source is summarized in Section 2.2.
Electric Line Source.
The scattered electric field produced by an electric line source above a conductor-backed MUT is computed via the Sommerfeld integral approach. Figure 1 depicts the arrangement of the electric line source and MUT used for calculating the scattered electric field. For the electric line source, the solution approach is as follows:
(1) Write the homogeneous wave equation for the magnetic vector potential, ∇ 2 ⃗ + 2 ⃗ = 0, in each of the source-free regions depicted in Figure 1 . Note that lies on the boundary between two source-free regions of space.
(2) Transform the partial differential equations from step 1 to ordinary differential equations using the Fourier transform and the -invariance of the line source. The magnetic vector potential in the Fourier domain is represented as̃.
(3) Assume the proper solutions for̃to the ordinary differential equations in step 2 and use boundary conditions for the magnetic and electric fields to solve for the constants of integration.
(4) Find the scattered electric field by using the relationship̃= (1/ )∇ ×̃or̃= −̃.
(5) Use the inverse Fourier transform to find the scattered electric field in the spatial domain.
The final step in finding the reflection coefficient due to the electric line source is to perform a calibration similar to what would occur in a physical laboratory setup. To calculate the reflection coefficient it is assumed that the electric line source has a height = ℎ and an angle from normal as illustrated in Figure 2 . The initial step of the calibration process is to place a PEC plate at the same location as the front layer of the MUT ( = in Figure 1 ) and calculate the scattered electric field supported by the electric line source above the PEC plate, , using image theory. Next, the reflection coefficient due to the electric line source is calculated via (1) , where is the scattered field due to the PEC plate alone and is the scattered electric field due to the line source and conductor-backed MUT (MUT with a conductor placed at = 0 in Figure 1 ):
The final result for the reflection coefficient for the electric line source above the material stack is in (2). Here 
2.2. Magnetic Line Source. By duality [3] , a similar procedure to the one enumerated in Section 2.1 is used to find the scattered electric field due to the magnetic line source. Figure 1 depicts the arrangement of the magnetic line source and MUT used for calculating the scattered electric field by replacing the infinite electric line source with an infinite magnetic line source. Noted key differences between the procedure in Section 2.1 and the one implemented for the magnetic line source include usage of the electric vector potential, ⃗ , instead of the magnetic vector potential and usage of̃= −1/ ∇ ×̃or̃= −̃to compute the scattered electric field. For the calibration procedure used to define the reflection coefficient, (4) is used to compute Γ ; here is the scattered electric field due to a metal plate alone at = 0 in Figure 1 and is the scattered electric field due to the magnetic line source and conductor-backed MUT (MUT with a conductor placed at = 0) as in Figure 1 with a magnetic line source instead of an electric line source.
The final result for the reflection coefficient for the magnetic line source above the material stack is in (5). Here (2) 1 is the first-order Hankel function of the second kind and is defined in (3). The terms, , 0 , , , , and are defined in the same way as in Section 2.1. Consider
Wave Curvature Impact on the Two-Thickness Method
The two-thickness method is a material characterization method which can be implemented via waveguide, probe, or free-space methods. The waveguide implementation of the two-thickness method has been demonstrated by BakerJarvis et al. in [9] and an uncertainty analysis performed in [10]. Also, a coaxial-probe implementation of the method is discussed in [11] .
The free-space implementation of the two-thickness method is utilized by measuring the reflection coefficient for the MUT at two distinct MUT thicknesses [4] . A diagram of the conductor-backed free-space implementation of the twothickness method is found in Figure 3 .
Suppose the two measurements are denoted as measurement 1 and measurement 2. Measurement 1 is made for the MUT at a thickness . Measurement 2 is made for a MUT thickness + Δ. The method can be used for any two distinct MUT thicknesses for measurements 1 and 2. However, if Δ = (thereby making the MUT thickness for measurement 2 exactly twice the MUT thickness for measurement 1) the extraction equations are in closed form. A complete treatment on the derivation of the two-thickness method can be found in [12] .
Equations (6) and (7) are the extraction equations for the free-space implementation of the two-thickness method for the case when Δ = . The closed-form equations are only presented here as all of the analyses performed in this paper are on MUT thickness when Δ = . The extraction equations are dependent on the polarization of the incident wave. Equations (6) are for TM polarized waves and (7) are for TE polarized waves. The terms 2 and 2 are the wave impedance and -component of the wave vector in the MUT and are defined in (8) . The terms 
Analysis in this paper is performed on a hypothetical implementation of the two-thickness method. To see the impact of wave curvature on the two-thickness method, and are extracted with the reflection coefficients due to the electric and magnetic line sources given in Section 2. These reflection coefficients are used in the two-thickness extraction scheme in the exact manner as the reflection coefficients computed with plane waves. The arrangement of the line source for analysis is portrayed in Figure 2 . The line source distance, ℎ in Figure 2 , is varied while the incidence angle and MUT thickness are held constant. Then and that are extracted as line source distance is increased are compared to their nominal values. This procedure is conducted for Plexiglas (a low-loss dielectric) and a representative magnetic radar absorbing material (MagRAM). A MagRAM is a lossy magnetic material often used in shielding and radar cross section reducing applications. This procedure is conducted for both TE and TM polarization. The angle of incidence is set to = 40 ∘ and the frequency is set to 3 GHz. The values for the angle of incidence, , and the operating frequency are chosen such that as little random error is introduced into the extracted and as possible based upon error analysis performed in [6] .
Results

Plexiglas.
Analysis is initially performed on a Plexiglas sample. The permittivity value used for Plexiglas is taken from measurements performed in [13] and is thus = 2.65 − 0.0076; Plexiglas is a nonmagnetic material; therefore = 1.0 − 0.0.
Initially, it is worthwhile to compare the reflection coefficients calculated with plane waves versus the reflection coefficients calculated with the electric and magnetic line sources. The reflection coefficients calculated with the plane wave assumption are in Table 1 . Table 2 contains the reflection coefficients calculated with the electric and magnetic line sources for different line source distance (LSD) or in Figure 3 in meters. In Table 1 and the remaining tables in this paper, Γ 1 denotes the reflection coefficient measured when the MUT is mil thick and Γ 2 ∘ denotes the reflection coefficient measured when the MUT is + Δ mil thick. In this section, the MUT thicknesses are chosen as 0.1016 cm and 0.2032 cm. Again, the second MUT thickness is chosen to be twice the first MUT thickness (i.e., + Δ) such that extraction equations for the two-thickness method are in closed form.
Comparison of Tables 1 and 2 shows excellent agreement between the reflection coefficients calculated with the line sources and plane wave assumptions. Observation of the reflection coefficients with the TM polarized plane waves and the reflection coefficients calculated with the magnetic line source shows a maximum percent deviation of 1.0% and 0.02%, respectively, for the magnitude and phase of Γ 1 and Γ 2 . For the TE polarized wave and electric line source, percent deviations of 0.03% and 0.01% for the phase of Γ 1 and Γ 2 are observed. No deviation for up to four digits is observed for the magnitude of the reflection coefficients in the case of the TE polarized plane waves and electric line source. Table 3 and Figure 4 show the extracted values of and using the reflection coefficients calculated with the electric line source using the two-thickness method for increasing line source distance. When the line source is 1 m from the top of the MUT surface, the worst extractions for and are observed. At 1 m, percent deviations of 73.0% and 99.0% for the real and imaginary parts of are observed. A percent deviation of 10% is computed for the real part of . The percent error for the imaginary part of is not computed as it is impossible to calculate since = 0.0 for Plexiglas. Observation of Figure 4 shows that better extractions are achieved as line source distance is increased. At 8 m, the percent error between the nominal and extracted values for is 0.3% and 15.0%, respectively, for the real and imaginary parts; for the real part of , a 0.0% percent deviation is computed. Table 4 and Figure 5 show the extracted and with the reflection coefficients calculated with a magnetic line source. Just as the case of the electric line source, the worst extraction is when the line source is 1 m above the MUT. At this distance, the percent errors between the nominal and extracted and are 2.2% and 89% for the real and imaginary parts of and 0.02% for the real part of . The percent errors are skewed for the imaginary part of because the nominal value of is small. Again, as with the case of the electric line source, Figure 5 shows that the increase of the magnetic line source distance from the MUT yields better agreement between the nominal and extracted and . At 8 m, the percent errors difference between the nominal and extracted real and imaginary parts of is 0.5% and 46%. For the real part of , a percent error of 0.09% is calculated. Although the percent error at 8 m is larger than the percent error at 1 m for , this is considered to be relatively unimportant as all the extracted values are close to unity. Comparison of the extracted and for the electric and magnetic line sources in Tables 3 and 4 shows much better agreement to the nominal material parameters for the magnetic line source. Note that for both line sources there was great agreement to the plane wave reflection coefficients. The extraction for the magnetic line source is better than the extraction with the electric line explained by the fact that the TM extraction equations are less susceptible to fluctuations in the reflection coefficient than the TE equations for low-loss dielectrics. For a conductor-backed low-loss dielectric like Plexiglas, the reflection coefficient is close to −1. This causes cancellation effects in the calculation in 2 in (8). The cancellation effects in 2 have more of an impact on the extraction equations for TE polarized waves in (7) because 2 is in the numerator for ; thus, the cancellation effects propagate into the solution. For TM polarization, 2 is in the denominator of which negates the impact of the cancellation effects. An important remark must be made as to the variation in the extracted and from their nominal values. In consideration of the excellent agreement of the reflection coefficients calculated with both line sources and polarized plane waves, it would be expected that extraction of and would yield good results for all of the cases simulated.
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International Scholarly Research Notices Table 5 : Reflection coefficients calculated with electric and magnetic line sources (MagRAM). This phenomenon can be explained by the statistical dependence of extracted and upon variation of measured reflection coefficients (i.e., standard deviation due to magnitude and phase of the reflection coefficient). Although the standard deviation is generally a statistical measure of random error due to random fluctuations in a dependent variable, the fluctuations here are due to the wavefront curvature of the electric and magnetic line sources.
4.2.
MagRAM. Again, the material parameters for the MagRAM sample which are determined by measurement in [13] are = 10.65 − 1.50 and = 1.65 − 0.9. Just as the case of Plexiglas, it is worthwhile to compare the reflection coefficients calculated with plane waves versus the reflection coefficients calculated with the electric and magnetic line sources. The reflection coefficients calculated with the plane wave assumption are in Table 6 . Table 5 contains the reflection coefficients calculated with the electric and magnetic line sources for different line source distances (LSD) in meters. Again, Γ 1 denotes the reflection coefficient measured when the MUT is = 0.1016 cm thick and Γ 2 Tables 5 and 6 shows excellent agreement between the reflection coefficients calculated with the line sources and plane wave assumptions. Observation of the reflection coefficients with the TM polarized plane waves and the reflection coefficients calculated with the magnetic line source shows a maximum percent error of 0.05% and 0.12% for the phase and magnitude, respectively, of both Γ 1 and Γ 2 . A maximum percent error of 4.9% and 0.14% is observed for the phase and magnitude of Γ 1 and Γ 2 for the electric line source and TE polarized plane wave. Table 7 and Figure 6 show the extracted values of and using the reflection coefficients calculated with the electric Figure 6 . At 8 m, the percent deviation between the nominal and extracted values for is 0.07% and 0.26%, respectively, the real and imaginary parts; for the real and imaginary part of , percent deviations of 0.02% and 0.10% are computed. The excellent agreement between the extracted and nominal values for and for the remaining line sources distances of 2 m and 4 m is also noted. Table 8 and Figure 7 show the extracted and with the reflection coefficients calculated with the magnetic line source. Similar to the case with the electric line source, Figure 7 shows the extracted and of the MagRAM with the magnetic line source having very little variation with increase of line source distance. A maximum percent deviation of 4.5% is calculated for all of the extracted values.
Comparison of the extractions performed on the MagRAM sample and the Plexiglas sample in Section 4.1 shows that the extractions made on the MagRAM sample are generally more accurate than the extractions made on the Plexiglas sample. More specifically, the extractions performed with the electric line source on the Plexiglas sample show the worst performance. In Section 4.1, it is explained that the TE extraction equations for the two-thickness method are sensitive to cancellation effects for low-loss dielectrics. The accurate extraction with the MagRAM sample reinforces this explanation because the extraction equations are immune to cancellation effects. In general, lossy materials which are conductor backed will be immune to cancellation effects as the waves will attenuate as they propagate through the material and the reflection coefficient will differ greatly from that of the conductor backing.
Conclusions
The impact of wave curvature on free-space material characterization methods has been investigated. The plane wave assumption in free-space material characterization methods can be thought of as a type of systematic error in all free-space methods because a true plane wave is not physically realizable in a laboratory environment.
To test the impact of wave curvature, the Fresnel reflection coefficients for TE and TM polarized waves are replaced with reflection coefficients calculated with electric and magnetic line sources in the two-thickness extraction algorithm. Results showed very little impact on the reflection coefficients or extracted and values for the MagRAM sample. However, the simulations on Plexiglas show that care must be taken when performing characterization on conductor-backed low-loss dielectrics as these materials do not provide a means for attenuation and the reflection coefficient is dominated by the presence of the conductor backing. This in turn causes the extraction equations to be sensitive to cancellation effects. It is also noted that these cancellation effects will be present for the characterization of alone (in the cases when the material is known to be a dielectric a priori) because the measured reflection coefficient will still be heavily impacted by the conductor backing. It is important to note that the sensitivity described in the Plexiglas characterization is not due to wavefront curvature but is inherent in the extraction of low-loss dielectrics which are conductor backed. Therefore, from the samples simulated it is concluded that wavefront curvature does not introduce a large amount of error into the two-thickness method and similar free-space material characterization methods.
